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ON THE SPLITTING OF POLYNOMIAL FUNCTORS
ROMAN MIKHAILOV
Abstract. We develop methods for proving that certain extensions of polynomial func-
tors do not split naturally. As an application we give a functorial description of the third
and the fourth stable homotopy groups of the classifying spaces of free abelian groups.
1. Introduction
There are different important spaces whose homotopy type depends naturally on an
abelian group A. For example, Eilenberg-MacLane spaces K(A, n), n ≥ 1, suspensions
ΣmK(A, n) of these, m ≥ 1, wedges K(A, n) ∨K(A,m), etc... The homology and homo-
topy groups of these spaces can be viewed as functors on the category of abelian groups.
The problem of describing these as functors is more difficult than an abstract description.
Indeed, an abstract description of homology groups Hn(A) of abelian groups is simple, as
it follows from the Ku¨nneth formula, whereas the functors A 7→ Hn(A) are complicated
[5]. This paper continues the research started in [5], [6]. It is standard that the functorial
description of different homological or homotopical functors follows from certain spectral
sequences. As a rule, the result of the convergence of a spectral sequence gives not a
functor as a whole, but only a filtration on it. To solve the extension problem, i.e. to
glue the real functor from different pieces, one needs methods for the control of functorial
extensions. Such methods are developed in this paper. Note that all the functors consid-
ered in this paper are over Z, they are defined on the category of (free) abelian groups;
observe that the analogous results over fields can be obtained more easily.
To give some examples which illustrate the spirit of questions considered in this paper,
let us start with two complexes of abelian groups C∗, D∗, one can compute the homology
of their tensor product H(C∗ ⊗D∗) in terms of H(C∗) and H(D∗) using the well-known
Ku¨nneth formula. Now consider three abelian groups A,B,C. The Ku¨nneth formula
gives the following exact sequence
0→ Tor(A,B)⊗ C → H1
(
A
L
⊗ B
L
⊗ C
)
→ Tor(A⊗ B,C)→ 0 (1.1)
which splits as a sequence of abelian groups. The middle term of this sequence is the
functor Trip(A,B,C) of MacLane [18] which is simply the first homology group of the
iterated tensor product in the derived category. S. MacLane proved in [18] that the
sequence (1.1) does not split naturally as a sequence of multi-functors. On the other
hand, let us fix the two groups B = C = Z/2. In this case the sequence (1.1) has the
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form
0→ Tor(A,Z/2)→ H1
(
A
L
⊗ Z/2
L
⊗ Z/2
)
→ A⊗ Z/2→ 0,
and this sequence splits as a sequence of functors. This simply follows from the fact that
we can choose a splitting A
L
⊗ Z/2
L
⊗ Z/2 ≃ A
L
⊗ (Z/2 ⊕ Z/2[1]) in the derived category
functorially in A1.
One more example is the following. Let A be an abelian group. A description of the
third homology of A as a functor is given in [5]. There is the following natural exact
sequence
0→ Λ3(A)→ H3(A)→ Ω2(A)→ 0 (1.2)
where Λ3 is the third exterior power and Ω2 is the quadratic functor due to Eilenberg-
MacLane, which is in fact the first derived functor of the exterior square. The sequence
(1.2) splits as a sequence of abelian groups. One can ask weather (1.2) splits as a sequence
of functors. We prove (see corollary 3.1) that (1.2) this is not the case. More generally,
we will prove that, for all n ≥ 3, the natural injection Λn(A) →֒ Hn(A) induced by
Pontryagin product in homology, does not split naturally (see proposition 3.1)2.
The paper is organized as follows. We recall in section 2 the description of the polyno-
mial functors on the category of free abelian groups in terms of maps between cross-effects
from [3]. The language of polynomial Z-modules developed in [3] and [1] is useful for the
description of Hom and Ext-groups for polynomial functors in the category of free abelian
groups. We use this language for proving that certain exact sequences do not split.
We describe the third stable homotopy group of K(A, 1) as a functor in section 4. We
show that, for a free abelian group A, there is a short exact sequence
0→ S2(A)⊗ Z/2→ πS3K(A, 1)→ Λ
3(A)→ 0
which does not split naturally. Moreover, the functor πS3K(A, 1) represents the unique
non-trivial element in the group of functorial extensions Ext(Λ3, S2 ⊗ Z/2) = Z/2. In
section 5 we give a functorial description of the fourth stable homotopy group of K(A, 1)
for a free abelian group A.
On the other hand, there are some cases in which the existence of a functorial splitting
can be proved. For an object C of the derived category of abelian groups concentrated in
non-positive dimensions DAb≤0, we show that the exact triangle in DAb≤0
LS2(C[1])→ LΓ2(C[1])→ C
L
⊗ Z/2[1]→ LS2(C[1])[1]
induces the functorial splitting (theorem 6.1)
πi(LΓ2(C[1])) ≃ πi(LS
2(C[1])))⊕ πi
(
C
L
⊗ Z/2[1]
)
, i ≥ 1 (1.3)
While the well-known theorem of Dold [11] implies that there is a splitting on the level
of complexes which induces the splitting (1.3) on homotopy, we show that this splitting
is not functorial, i.e.
LΓ2(C[1]) 6= LS
2(C[1])⊕ C
L
⊗ Z/2[1]
in the derived category DAb≤0.
1We will always use the traditional notation [n] for the shift of degree n in the derived category.
2After posting the paper the author was informed by N.Kuhn that this result follows from example
7.6 [16].
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2. Polynomial functors
Denote by Ab (resp. fAb) the category of finitely generated abelian (resp. f.g. free
abelian) groups. For a small category C, let Fun(C,Ab) be the category of functors from
C to Ab. Morphisms in Fun(C,Ab) are natural transformations between functors. It is
well-known that Fun(C,Ab) is an abelian category with enough projectives and injectives.
By DAb≤0 we mean the derived category of abelian groups living in non-negative degrees
which is equivalent to the homotopy category of simplicial abelian groups via the Dold-
Kan correspondence [12].
The main functors which we will consider are the following (n ≥ 1):
• Tensor powers ⊗n : Ab→ Ab
• Symmetric powers Sn : Ab→ Ab
• Exterior powers Λn : Ab→ Ab
• Divided powers Γn : Ab→ Ab
• Antisymmetric square ⊗˜
2
: Ab→ Ab, defined as
⊗˜
2
(A) := A⊗A/{a⊗ b+ b⊗ a, a, b ∈ A}
We will use the same notation for functors on Ab and for their restriction on fAb. To
distinguish Hom and Ext groups for functors on Ab and fAb, we will use the notation
Hom(F,G) (resp. Ext(F,G)) for ordinal natural transformations (resp. extensions) of
functors F,G : Ab → Ab and Homf(F,G) (resp. Extf (F,G)) for functors F,G : fAb →
Ab.
Let F : Ab→ Ab be a functor. Recall that the cross-effects of F are multi-functors
defined as
F (X1| . . . |Xn) = ker{F (X1⊕· · ·⊕Xn)→ ⊕
n
i=1F (X1⊕ . . . Xˆi · · ·⊕Xn)}, Xi ∈ Ab, n ≥ 2
(2.1)
where the maps F (X1 ⊕ · · · ⊕ Xn) → F (X1 ⊕ . . . Xˆi · · · ⊕ Xn) are induced by natural
retractions. The functor F is polynomial of degree d (d ≥ 1) if F (0) = 0 and F (X1| . . . |Xd)
is linear in each variable Xi, i = 1, . . . , d.
Given a functor F and an abelian group A, consider the system of abelian groups:
F1 = F (A), F2 = F (A|A), . . . , Fn = F (A| . . . |A) (n copies of A)
together with the homomorphisms
Hnm : Fn(A)→ Fn+1(A), P
n
m : Fn+1(A)→ Fn(A), m = 1, 2 . . . , m < n
which are defined as composite maps
Hn+1m : Fn(A) →֒ F (A
⊕n)→ F (A⊕n+1)։ Fn+1(A)
P n+1m : Fn+1(A)→ F (A
⊕n+1)→ F (A⊕n)→ Fn(A),
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induced by natural maps A⊕n → A⊕n+1, A⊕n+1 → A⊕n given by
(a1, . . . , an)→ (a1, . . . , am, am, . . . , an)
(a1, . . . , an+1)→ (a1, . . . , am−1, am + am+1, am+2, . . . , an+1).
Denote the system of these abelian groups and maps by JF (A):
JF (A) : F1(A) −→←− F2(A)
−→−←−− F3(A)
−→
. . .
←−
· · ·
These maps satisfy certain standard relations [3], which do not depend on F and A.
For a polynomial functor F of degree d and an abstract collection of d abelian groups
{Fi(Z)}i=1,...,d together with corresponding maps which satisfy these relations is known as
d-polynomial Z-module. Polynomial functors from free abelian groups to abelian groups
can be described in terms of polynomial Z-modules [3]. We now consider some particular
cases.
1. Quadratic functors. In the case of quadratic functors (see [1]), the required relations
are simple:
A1
H2
1−→ A2
P 2
1−→ A1 (2.2)
H21P
2
1H
2
1 = 2H
2
1 , P
2
1H
2
1P
2
1 = 2P
2
1
Such a diagram of abelian groups is called a quadratic Z-module. It is easy to compute
the quadratic Z-modules, which correspond to the classical quadratic functors mentioned
above and to −⊗ Z/2. Here they are:
Z
⊗2 = (Z
(1,1)
→ Z⊕ Z
(1,1)
→ Z)
Z
Λ2 = (0→ Z→ 0)
Z
Γ2 = (Z
1
→ Z
2
→ Z)
Z
SP 2 = (Z
2
→ Z
1
→ Z)
Z
⊗˜
2
= (Z/2
0
→ Z
1
→ Z/2)
Z
Z/2 = (Z/2→ 0→ Z/2)
Given a quadratic Z-module M (2.2), one can define a quadratic functor on the category
of abelian groups as follows (see 6.13 [1]): for an abelian group A, A⊗M is generated by
the symbols a⊗m, {a, b} ⊗ n, a, b ∈ A, m ∈ A1, n ∈ A2 with the relations
(a+ b)⊗m = a⊗m+ b⊗m+ {a, b} ⊗H21 (m),
{a, a} ⊗ n = a⊗ P 21 (n),
a⊗m is linear in m,
{a, b} ⊗ n is linear in a, b, n.
The correspondence A 7→ A⊗M defines a quadratic functor and an equivalence between
categories of quadratic Z-modules and quadratic functors fAb→ Ab.
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2. Cubical functors. The cubical Z-module is given by the diagram
A1
H2
1−→
P 2
1←−
A2
H3
2−→
H3
1−→
P 3
2←−
P 3
1←−
A3
with the following relations (see [3], [13]):
H31H
2
1 = H
3
2H
2
1 , P
2
1P
3
1 = P
2
1P
3
2 , H
3
2P
3
1 = 0,
H31P
3
2 = 0, H
3
1P
3
1H
3
1 = 2H
3
1 , P
3
1H
3
1P
3
1 = 2P
3
1 ,
H32P
3
2H
3
2 = 2H
3
2 , P
3
2H
3
2P
3
2 = 2P
3
2 ,
H21P
2
1H
2
1 = 2H
2
1 + 2(P
3
1 + P
3
2 )H
3
1H
2
1 ,
P 21H
2
1P
2
1 = 2P
2
1 + 2P
2
1P
3
1 (H
3
2 +H
3
1 ),
H31H
2
1P
2
1 +H
3
1 +H
3
2 = H
3
2P
3
2H
3
1P
3
1H
3
2 +H
3
1P
3
1H
3
2P
3
2H
3
1 ,
H21P
2
1P
3
1 + P
3
1 + P
3
2 = P
3
2H
3
1P
3
1H
3
2P
3
2 + P
3
1H
3
2P
3
2H
3
1P
3
1
The simplest examples of the cubical Z-modules, which correspond to the exterior and
symmetric cubes are the following:
Λ3  0 −→←− 0
−→
−→
←−
←−
Z (2.3)
S3  Z
(3,3)
−→
(1,1)
←−
Z⊕ Z
(0,2)
−→
(2,0)
−→
(0,1)
←−
(1,0)
←−
Z (2.4)
3. ∆-properties. For any functor F , the sequence
F(Z) : F1(Z)
P 2
1←− F2(Z)
P 3
2←−
P 3
1←−
F3(Z)
←−
. . .
←−
· · ·
is a ∆-group, that is, the standard simplicial relations for the face maps are satisfied.
Taking the homology of this complex, we obtain the values of the derived functors in the
sense of Dold-Puppe [12]:
Hi(F(Z)) ≃ Li+1F (Z, 1)
This follows from the fact that the cross-effect spectral sequence from [12] degenerates to
the complex F(Z).
2.1. Natural transformations between functors. All natural transformations be-
tween quadratic functors fAb → Ab are given as morphisms of corresponding quadratic
Z-modules. One can therefor use quadratic Z-modules for the computation of the group
of natural transformations between given quadratic functors.
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Examples. 1. A natural map S2(A)→ Γ2(A) is given by the following diagram
3:
Z
2 //
2k

Z
1 //
k

Z
2k

Z
1 // Z
2 // Z
for k ∈ Z, and Homf (S
2,Γ2) = Z.
2. The natural map Γ2(A)→ A⊗ Z/2 is given by the following diagram:
Z
1 //

Z
2 //

Z

Z/2 // 0 // Z/2
3. Let us now prove that there do not exist non-zero natural maps
Λ2(A)→ S2(A), S2(A)→ A⊗ Z/2 (2.5)
Since the functors in (2.5) are right exact, it is enough to consider these functors on the
category of free abelian groups. Hence we can look at morphisms between the correspond-
ing quadratic Z-modules. To every map Λ2 → SP 2 corresponds a morphism of quadratic
Z-modules:
0 //

Z //

0

Z
2 // Z
1 // Z
We see that the middle vertical map must be zero, hence the result. Same reasoning
applies to the natural transformation S2(A)→ A⊗ Z/2:
Z
2 //

Z
1 //

Z

Z/2 // 0 // Z/2
We see that any such vertical map is zero. Hence, there is no any non-zero natural
transformations (2.5).
4. Consider the case of cubical functors. The functors S3 and Λ3 are right exact, so that
in order to prove that Hom(S3,Λ3) = 0 it is enough to show that Homf(S
3,Λ3) = 0, i.e.
that any map between cubical Z-modules 2.4 and 2.3 is zero. It is easy to see that all
vertical maps in the following commutative diagrams are zero:
3For a map between cyclic groups f : A→ B, we will use the notation A
n
→ B if f(a) = nb, where a and
b are some given generators of A and B. Analogously we describe the maps between finitely-generated
abelian groups by integral matrices.
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Z
(3,3)
−→
(1,1)
←−
Z⊕ Z
(0,2)
−→
(2,0)
−→
(0,1)
←−
(1,0)
←−
Z
↓ ↓ ↓
0 −→←− 0
−→−→←−− Z
0 −→←− 0
−→−←−←− Z
↓ ↓ ↓
Z
(3,3)
−→
(1,1)
←−
Z⊕ Z
(0,2)
−→
(2,0)
−→
(0,1)
←−
(1,0)
←−
Z
This case is very simple due to the structure of cross-effects of Λ3 and can be easily
extended to high dimensional symmetric and exterior powers.
We collect the Hom-functors between main quadratic functors in the category of free
abelian groups in the following table:
G \ F Γ2 ⊗
2 ⊗˜
2
Z/2 S2 Λ2 Λ2 ⊗ Z/2
Γ2 Z Z 0 0 Z 0 0
⊗2 Z Z⊕ Z Z 0 Z Z 0
⊗˜
2
Z/2 Z Z Z/2 0 Z 0
Z/2 Z/2 0 0 Z/2 0 0 0
S2 Z Z 0 0 Z 0 0
Λ2 0 Z Z 0 0 Z 0
Λ2 ⊗ Z/2 0 Z/2 Z/2 0 Z/2 Z/2 Z/2
Table 1. Homf(F,G)
Now observe that some of the polynomial functors F of degree n have the property
that Hom(F,G) = Hom(G,F ) = 0 for any functor G of degree less than n. Let us now
consider examples of functors which do not satisfy this property.
1. For an abelian group A, we have a natural map
Γ2(A)→ A⊗ Z/2
The kernel K(A) of the natural map
Γ2(A)→ A⊗ A
defines a functor K in the category of abelian groups (see [4] for the description of this
functor). A simple analysis shows that K is a linear functor.
2. There are natural transformations
Tor(A,Z/2)→ S2(A), a 7→ a2, a ∈ A, 2a = 0
and
A⊗ Tor(A,Z/2)→ S3(A), a⊗ b 7→ ab2, a, b ∈ A, 2b = 0.
ON THE SPLITTING OF POLYNOMIAL FUNCTORS 8
Now observe, that for any functor F from the set {Λn, Λn⊗Z/p, ⊗n, ⊗n⊗Z/p (p is a prime)},
the natural map
F (A)→ F (A| . . . |A) (n− th cross effect)
induced by the diagonal embedding A →֒ A ⊕ · · · ⊕ A (n copies of A) is injective. It
follows that Hom(G,F ) = 0 for every functor G of degree less than n. Similarly, the
natural projection
A⊕ · · · ⊕ A 7→ A, (a1, . . . , an) 7→ a1 + · · ·+ an, ai ∈ A,
induces a natural epimorphism
F (A| . . . |A)→ F (A)
hence Hom(F,G) = 0 for every functor G of degree less than n.
2.2. Extensions between functors. A natural short exact sequence
0→ S2(A)⊗ Z/2→ Γ2(A⊗ Z/4)→ Γ2(A⊗ Z/2)→ 0
is given by the following short exact sequence of the quadratic Z-modules4:
Z/2
0 //


Z/2


1 // Z/2


Z/8 // //

Z/4 // //

Z/8

Z/4 // // Z/2 // // Z/4
(2.6)
Similarly, the natural exact sequence
0→ Λ2(A)⊗ Z/2→ Γ2(A)⊗ Z/2→ A⊗ Z/2→ 0
is given by
0 //

Z/2
1

// 0

Z/2
1 //

Z/2
0 //

Z/2

Z/2 // 0 // Z/2
The following proposition follows directly from the structure of polynomial Z-module
which corresponds to the exterior power.
Proposition 2.1. Let F be a functor of degree d, then Extf (F,Λ
d+2) = Extf (Λ
d+2, F ) =
0.
4we will always display quadratic Z-modules horizontally
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Using the language of quadratic Z-modules, one can compute the values for Ext-
functors for main quadratic functors F,G : fAb→ Ab. For example,
Extf (Λ
2 ⊗ Z/2,Γ2) = Z/2
Extf (−⊗ Z/2, S
2) = Z/2
Extf (Λ
2 ⊗ Z/2,−⊗ Z/2) = Z/2
Extf (Γ2, S
2) = 0
Extf (−⊗ Z/2,Λ
2 ⊗ Z/2) = Z/2
Extf (Γ2,Γ2) = 0
Extf (Γ2,Λ
2 ⊗ Z/2) = 0
The proofs are direct, they follow from computations of the extensions between quadratic
Z-modules which correspond to the quadratic functors.
The generators of the Ext-groups Extf (Λ
2 ⊗ Z/2,Γ2), Extf (−⊗ Z/2, S
2), Extf (Λ
2 ⊗
Z/2,−⊗ Z/2) one can find in the following diagram
S2(A)


S2(A)
2

Γ2(A) //
g //

S2(A) // //

Λ2(A)⊗ Z/2
A⊗ Z/2 // // S2(A)⊗ Z/2 // // Λ2(A)⊗ Z/2
where the map g is given by setting g : γ2(a) 7→ a
2, a ∈ A. The generators of the groups
Extf (Γ2 ⊗Z/2,−⊗Z/2), Extf (−⊗Z/2,Λ
2⊗Z/2) on can find in the following diagram
A⊗ Z/2 // // S2(A)⊗ Z/2 // //


Λ2(A)⊗ Z/2


A⊗ Z/2 // // Γ2(A⊗ Z/2)

// // Γ2(A)⊗ Z/2

A⊗ Z/2 A⊗ Z/2
3. Homology of abelian groups
We will now show that (1.2) does not split naturally. For an abelian group A, recall
the bar-resolution
B(A) : · · · → Z[A⊕ A⊕ A]
d3→ Z[A⊕ A]
d2→ Z[A]
d1→ Z
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where the differential
di : Z[A
⊕i]→ Z[A⊕i−1]
is given by
di : (a1, . . . , ai) 7→ (a1, . . . , ai−1) +
i−1∑
j=1
(−1)j(a1, . . . , aj + aj+1, . . . , ai) + (−1)
i(a2, . . . , ai).
There is a natural isomorphism in the derived category
Z[A[1]] ≃ B(A)
and, in particular, an isomorphism
Hi(A) ≃ Hi(B(A)), i ≥ 0.
Some generators of the homology groups Hi(A) can be easily described in terms of B(A),
for example, the map
H2(A) ≃ Λ
2(A)→ ker(d2)
is given by
a ∧ b 7→ (a, b)− (b, a), a, b ∈ A.
Consider the functor H2(A;Z/2) ≃ H2(B(A)⊗Z/2). The universal coefficient theorem
implies that there is a natural exact sequence
0→ Λ2(A)⊗ Z/2→ H2(A;Z/2)→ Tor(A,Z/2)→ 0 (3.1)
Consider the map f : H2(A;Z/2)→ H2(A|A;Z/2) = A⊗A⊗Z/2 induced by the diagonal
map A → A ⊕ A. Suppose that the sequence (3.1) splits naturally, i.e. H2(A;Z/2) =
Λ2(A) ⊗ Z/2 ⊕ Tor(A,Z/2). Then the composition map Tor(A,Z/2) → H2(A;Z/2)
f
→
H2(A|A;Z/2) is zero, since we have seen that there is no non-trivial natural transformation
between a linear functor and A⊗ A⊗ Z/2. In particular, for A = Z/2, the map
f : H2(Z/2;Z/2)→ H2(Z/2|Z/2;Z/2)
is zero. Let a be a generator of A = Z/2. One has H2(A;Z/2) = Z/2 and the generator
of this Z/2 in the bar-resolution can be chosen as (a, a) ∈ Z/2[A⊕A]. This follows from
the fact that (a, a) ∈ ker(d2) \ im(d3), since im(d3) lies in the augmentation ideal of
Z/2[A⊕A]. Taking B = A = Z/2 and b as a generator of B, we now consider the map of
bar resolutions B(A)→ B(A⊕B), induced by the diagonal map A→ A⊕B. We see that
the image of the map f is generated by an element (a+b, a+b) ∈ Z/2[(A⊕B)⊕(A⊕B)].
It is easy to verify that
(a+ b, a + b) + (a, a) + (b, b) ≡ (a, b) + (b, a) mod im(d3)
in Z/2[(A⊕B)⊕ (A⊕B)]. This implies that the image of the element (a+ b, a+ b) under
the map H2(A⊕B;Z/2)→ H2(A|B;Z/2) = A⊗B⊗Z/2 is the same as the image of the
element (a, b) + (b, a). However, the image of the element (a, b) + (b, a) in A⊗B⊗Z/2 is
exactly a⊗ b⊗ 1, which is the generator of A⊗B ⊗ Z/2. This proves that the sequence
(3.1) does not split functorially.
Lemma 3.1. There is a natural isomorphism
H2(A;Z/2) ≃ H3(A|Z/2).
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Proof. We have
B(A⊕ Z/2) ≃ B(A)⊗ B(Z/2)
Since
B(Z/2) ≃ Z⊕
⊕
n≥0
Z/2[2n + 1],
we have a natural isomorphism
H3(A⊕ Z/2) ≃ H3(B(A)⊕ (B(A)⊗ Z/2[1])⊕ (B(A)⊗ Z/2[3])) ≃
H3(A)⊕H2(B(A)⊗ Z/2)⊕H3(Z/2), (3.2)
where the natural maps H3(A)→ H3(A⊕Z/2) and H3(Z/2)→ H3(A⊕Z/2) are splitting
monomorphisms on the direct summands in (3.2). It follows that
H3(A|Z/2) ≃ H2(B(A)⊗ Z/2) ≃ H2(A;Z/2).

Corollary 3.1. The natural sequence (1.2)
0→ Λ3(A)→ H3(A)→ Ω2(A)→ 0 (3.3)
does not split functorially.
Proof. Suppose that the sequence (3.3) splits naturally, i.e. there is a natural isomorphism
H3(A) ≃ Λ
3(A)⊕ Ω2(A).
This induces the following natural decomposition for the cross-effect functor
H3(A|Z/2) ≃ Λ
2(A)⊗ Z/2⊕ Tor(A,Z/2).
Lemma 3.1 implies that there is a natural isomorphism
H2(A;Z/2) ≃ Λ
2(A)⊗ Z/2⊕ Tor(A,Z/2),
however this contradicts the fact that the sequence (3.1) does not split functorially. 
Observe that, for any free abelian group, there is a natural isomorphism
H2(A⊗ Z/2;Z/2) ≃ Γ2(A)⊗ Z/2
and the functor H2(A⊗ Z/2;Z/2) represents the non-trivial element of
Extf (−⊗ Z/2,Λ
2 ⊗ Z/2) = Z/2.
As a consequence of corollary 3.1, for a free abelian group A, the functor
A 7→ H3(A⊗ Z/2)
lives in the following short exact sequence
0→ Λ3(A)⊗ Z/2→ H3(A⊗ Z/2)→ Γ2(A)⊗ Z/2→ 0
and is represented by the following cubical Z-module:
Z/2
1
−→0
←−
Z/2
1
−→1
−→0
←−0
←−
Z/2
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In particular, this functor represents the non-trivial element in the corresponding Ext-
group:
H3(A⊗ Z/2) 6= 0 ∈ Extf (Γ2 ⊗ Z/2,Λ
3 ⊗ Z/2) = Z/2. (3.4)
We are now ready to generalize corollary 3.1 to the case of higher homology functors.
Proposition 3.1. Let A be an abelian group. For n ≥ 3, the natural monomorphism
induced by Pontryagin product
Λn(A) →֒ Hn(A)
does not split naturally.
Proof. For n = 3 this is corollary 3.1. Now the result follows by induction on n, observing
that there is a natural isomorphism
Hn(A| Z) ≃ Hn−1(A)
which follows from the Ku¨nneth formula. Indeed, assuming that the monomorphism
Λn(A) →֒ Hn(A) splits naturally, we get the natural splitting of the cross-effects
Λn(A| Z) // //
≃

Hn(A| Z)
≃

Λn−1(A) // // Hn−1(A)
but the lower map is not split by induction hypothesis. 
Remark 3.1. For an odd prime p, the functor
A 7→ H3(A⊗ Z/p), A ∈ fAb
splits as
H3(A⊗ Z/p) = Λ
3(A)⊗ Z/p⊕ Γ2(A)⊗ Z/p. (3.5)
Proof. First we prove that Extf (Γ2⊗Z/p,Λ
3⊗Z/p) = 0. Every element of this Ext-group
can be presented as a diagram of the form
0 −→←− 0
−→−←−− Z/p
↓ ↓ ↓=
Z/p
1
−→2
←−
Z/p
h1−→h2−→p1
←−p2
←−
Z/p
↓ ↓ ↓
Z/p
1
−→2
←−
Z/p
−→−←−− 0
It follows immediately that p1 and p2 are zero maps. The relations
h1p1h1 = 2h1, h2p2h2 = 2h2
imply that h1 and h2 are zero map. Hence
Extf (Γ2 ⊗ Z/p,Λ
3 ⊗ Z/p) = 0.
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The splitting (3.5) follows from the fact that, for a free abelian A, the sequence (3.3) has
the form
0→ Λ3(A)⊗ Z/p→ H3(A⊗ Z/p)→ Γ2(A)⊗ Z/p→ 0.

4. The third stable homotopy group of K(A, 1)
4.1. Whitehead’s exact sequence. Let X be a (r− 1)-connected CW-complex, r ≥ 2.
Consider the following long exact sequence of abelian groups [23]:
. . .Hn+1X → ΓnX → πnX
hn→ HnX → Γn−1X → . . . , (4.1)
where ΓnX = im{πnX
n−1 → πnX
n} (here X i is the i-th skeleton of X), hn is the
nth Hurewicz homomorphism. The Hurewicz theorem is equivalent to the statement
ΓiX = 0, i ≤ r. J.H.C. Whitehead computed the term Γr+1X (see [23])
5:
Γr+1X =
{
Γ2(π2X), r = 2
πrX ⊗ Z/2, r > 2
where Γ2 : Ab→ Ab is the universal quadratic functor (or equivalently the divided square).
Consider the stable analog of the Whitehead exact sequence in low degrees. Here we
recall the description of functors Γi, i = r + 1, r + 2, r + 3 from [2]. Assume that X is
(r − 1)-connected complex, r ≥ 6. In this case, we have the following:
η1 : πr(X)⊗ Z/2→ πr+1(X)
is induced by the Hopf map ηr ∈ πr+1(S
r), i.e. η1(α ⊗ 1) = αηr and there is a natural
exact sequence
0→ πr+1(X)⊗ Z/2→ Γr+2X → Tor(πr(X),Z/2)→ 0
where the composite map πr+1(X)⊗ Z/2→ πr+2(X) is induced by the Hopf map ηr+1 ∈
πr+1(S
r).
The description of the term Γr+3X is given as follows. There is a natural exact sequence
L2Γ
2(η1)→ Γ
3(η1, η2)→ Γr+3X → L1Γ
2(η1)→ 0, (4.2)
where the functors in this sequence can be described in the following way:
L1Γ
2(η1) = coker{πr(X)⊗ Z/2
η1
→ Tor(πr+1(X),Z/2)}
L2Γ
2(η1) = ker(η1)
and Γ3(η1, η2) = πr(X)⊗ Z/3⊕ P, where P is given by the pushout
πr(X)⊗ Z/2
πr(X)⊗4

// πr+2 ⊗ Z/2

πr(X)⊗ Z/8 // P
(4.3)
5Care should be taken to distinguish between Whitehead’s functors ΓnX and the divided power func-
tors Γi(A).
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where the upper horizontal map induced by the map Sr+2 → Sr, which defines a generator
of πS2 = Z/2.
4.2. Spectral sequence. Recall the spectral sequence from [20]. Consider an abelian
group A and its two-step flat resolution
0→ A1 → A0 → A→ 0.
By Dold-Kan correspondence, one obtains the following free abelian simplicial resolution
of A:
N−1(A1 →֒ A0) : . . .
−→−−→←−←−
A1 ⊕ s0(A0)
−→−→←− A0.
Applying Carlsson construction (see [8] or [20] for the detailed description of this con-
struction) to the resolution N−1(A1 →֒ A0), we obtain the following bisimplicial group:
FN
−1(A1 →֒A0)2(Sn)3
−→−→−−→←−←−−
FN
−1(A1 →֒A0)2(Sn)2
−→−−→←−←−
N−1(A1 →֒ A0)2
↓↓↓↑↑ ↓↓↓↑↑ ↓↓↓↑↑
FA1⊕s0(A0)(Sn)3
−→−−→−←−←−−
FA1⊕s0(A0)(Sn)2
−→−→−←−←−
A1 ⊕ s0(A0)
↓↓↑ ↓↓↑ ↓↓↑
FA0(Sn)3
−→−−→−←−−←−
FA0(Sn)2
−→−→−←−−
A0
Here the mth horizontal simplicial group is Carlsson construction FN
−1(A1 →֒A0)m(Sn). By
the result of Quillen [21], we obtain the following spectral sequence:
E2p,q = πq(πpΣ
nK(N−1(A1 →֒ A0), 1)) =⇒ πp+qΣ
nK(A, 1). (4.4)
In particular, for n sufficiently large, the spectral sequence becomes
E2p,q = πq(π
S
pK(N
−1(A1 →֒ A0), 1)) =⇒ π
S
p+qK(A, 1). (4.5)
where πSn is the nth stable homotopy group.
4.3. πS3K(A, 1). We now apply the above results for the description of the stable homo-
topy groups of K(A, 1) in low degrees. Given an abelian group A, the homotopy functors
πS∗ : Ab→ Ab, A 7→ π
S
∗K(A, 1) can be viewed as parts of the Whitehead exact sequence,
which functorially depends on A. Recall that, for r ≥ 2, πS2K(A, 1) = πr+2Σ
rK(A, 1) is
the antisymmetric square, and the Whitehead sequence has the form [7]:
Γr+2Σ
rK(A, 1) // // πr+2Σ
rK(A, 1) // // H2K(A, 1)
A⊗ Z/2 // // A⊗˜A // // Λ2(A)
Now consider the next step, the functor πS3K(A, 1) = πr+3Σ
rK(A, 1) for r ≥ 4. First
consider the case of a free abelian group A. Observe that, for a free abelian A, one has a
natural isomorphism
A⊗˜A⊗ Z/2 ≃ S2(A)⊗ Z/2.
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We have the following exact sequence
H4(A) // Γr+3Σ
rK(A, 1) // πS3K(A, 1) // // H3(A)
Λ4(A) // S2(A)⊗ Z/2 // πS3K(A, 1) // // Λ
3(A)
Now observe that any natural transformation Λ4(A)→ S2(A)⊗Z/2 is zero, since, for all
n ≥ 2, there is no non-trivial transformations between Λn(A) and any functor of degree
less than n. Therefore, the functor πS3 : fAb→ Ab lives in the following exact sequence
0→ S2(A)⊗ Z/2→ πS3K(A, 1)→ Λ
3(A)→ 0 (4.6)
It follows from a simple analysis of the extensions of the cubical Z-modules which cor-
respond to the functors S2 ⊗ Z/2 and Λ3 that any nontrivial extension between these
functors can be given by a diagram of the form
Z/2
0
−→1
←−
Z/2
−→−→←−←− 0
↓= ↓= ↓
Z/2
0
−→1
←−
Z/2
0
−→0
−→1
←−1
←−
Z
↓ ↓ ↓=
0 −→←− 0
−→−→←−←− Z
and
Extf (Λ
3, S2 ⊗ Z/2) = Z/2. (4.7)
We will show now that the extension (4.6) presents a non-trivial element of (4.7).
Theorem 4.1. The functor
πS3 : fAb→ Ab, A 7→ π
S
3K(A, 1)
is given by the following cubical module:
Z/2
0
−→1
←−
Z/2
0
−→0
−→1
←−1
←−
Z
Proof. Assume that, for a free abelian group A, the functor πS3K(A, 1) presents the zero
element in (4.7), i.e. πS3K(A, 1) = S
2(A)⊗ Z/2⊕ Λ3(A), and let B be a non-free abelian
group. The spectral sequence (4.5) implies that there is a natural exact sequence
0→ S2(B)⊗ Z/2⊕ Λ3(B)→ πS3K(B, 1)→ L1⊗˜
2
(B)→ 0 (4.8)
Consider now the functor
πS3K(−⊗ Z/2, 1) : fAb→ Ab, A 7→ π
S
3K(A⊗ Z/2, 1)
There is the following short exact sequence (see [20]):
0→ A⊗ Z/2→ L1⊗˜
2
(A⊗ Z/2)→ Γ2(A)⊗ Z/2→ 0
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and L1⊗˜
2
(Z/2) = Z/4. Hence L1⊗˜
2
(A⊗ Z/2) describes a nontrivial element of
Ext(Γ2(A)⊗ Z/2, A⊗ Z/2) = Z/2
and, therefore,
L1⊗˜
2
(A⊗ Z/2) ≃ Γ2(A⊗ Z/2).
Therefore, the sequence (4.8) can be rewritten for B = A⊗ Z/2 as
0→ S2(A)⊗ Z/2⊕ Λ3(A)⊗ Z/2→ πS3K(A⊗ Z/2, 1)→ Γ2(A⊗ Z/2)→ 0 (4.9)
We know from [17] that πS3K(Z/2, 1) = Z/8. The diagram of cubical Z-modules which
correspond to the extension (4.9) has the following form
Z/2
0
−→1
←−
Z/2
0
−→0
−→0
←−0
←−
Z/2
↓ ↓ ↓=
Z/8
1
−→2
←−
Z/4
0
−→0
−→0
←−0
←−
Z/2
↓ ↓ ↓
Z/4
1
−→2
←−
Z/2
−→−→←−←− 0
One verifies that the above extension is unique and therefore,
πS3 (A⊗ Z/2, 1) ≃ Γ2(A⊗ Z/4)⊕ Λ
3(A)⊗ Z/2
(see (2.6)). Observe also that the Whitehead sequence implies that the Hurewicz map
πS3K(A⊗ Z/2, 1)→ H3(A⊗ Z/2)
is a natural surjection, which induces isomorphism on the triple cross-effects. However, it
is not possible to construct a commutative diagram of the form
Z/8
1
−→2
←−
Z/4
0
−→0
−→0
←−0
←−
Z/2
↓ ↓ ↓≃
Z/2
1
−→0
←−
Z/2
1
−→1
−→0
←−0
←−
Z/2
This gives a contradiction. Therefore, the functor πS3K(A, 1) describes a non-trivial ele-
ment of (4.7). 
Theorem 4.1 implies that the functor πS3K(−Z/2, 1) : fAb→ Ab is represented by the
cubical Z-module
Z/8
1
−→2
←−
Z/4
1
−→1
−→2
←−2
←−
Z/2
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The portion of the Whitehead sequence which contains the natural transformation πS3 →
H3 has the following form
S2(A)⊗ Z/2 // //


F (A)


// // Λ3(A)⊗ Z/2


Γ2(A⊗ Z/2) // //

πS3K(A⊗ Z/2, 1) // //

H3(A⊗ Z/2)

A⊗ Z/2 // // Γ2(A⊗ Z/2) // // Γ2(A)⊗ Z/2
(4.10)
where the functor F : fAb→ Ab is given by the cubical Z-module
Z/2
0
−→1
←−
Z/2
0
−→0
−→1
←−1
←−
Z/2
The spectral sequence (4.5) therefore implies the following
Proposition 4.1. For an abelian group A, there is a natural exact sequence
0→ L0F (A)→ π
S
3K(A, 1)→ L1⊗˜
2
(A)→ 0
which does not split.
5. The fourth stable homotopy group of K(A, 1)
Consider first the case of a free abelian group A. We have the following diagram
H5(A) // Γr+4Σ
rK(A, 1) // πS4K(A, 1) // // H4(A)
Λ5(A) // A⊗ Z/3⊕ P // πS4K(A, 1) // // Λ
4(A)
where the term P was defined in (4.3). The functor A⊗Z/3⊕ P is cubical. The natural
transformation Λ5(A)→ A⊗Z/3⊕P is zero and we have a natural short exact sequence
0→ A⊗ Z/3⊕ P → πS4K(A, 1)→ Λ
4(A)→ 0. (5.1)
Here, by (4.3), the functor P is given by the pushout diagram
A⊗ Z/2
A⊗4

// πS3K(A, 1)

A⊗ Z/8 // P
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It follows that the functor P can be descibed by the cubical Z-module:
Z/8
0
−→4
←−
Z/2
0
−→0
−→1
←−1
←−
Z/2
Theorem 5.1. The functor
πS4 : fAb→ Ab, A 7→ π
S
4K(A, 1)
is described by the following quartic Z-module
Z/24
0
−→12
←−
Z/2
0
−→0
−→1
←−1
←−
Z/2
0
−→0
−→0
−→1
←−1
←−1
←−
Z (5.2)
Proof. The proof is similar to that of theorem 4.1. Since the quartic Z-module which
corresponds to the functor Λ4 has a simple form, it is easy to see that
Extf (Λ
4,−⊗ Z/3⊕ P ) = Z/2 (5.3)
and a nontrivial element in (5.3) is given by the quartic Z-module (5.2). It remains to
show that the sequence (5.1) does not split naturally.
Let us assume that the sequence (5.1) does split. Recall that
Hom(Λ4 ⊗ Z/2, G) = Hom(G,Λ4 ⊗ Z/2) = 0
for every cubical functor G. The spectral sequence (4.5) implies that the functor
πS4 (−⊗ Z/2, 1) : fAb→ Ab, A 7→ π
S
4 (A⊗ Z/2, 1)
can be represented as a direct sum
πS4 (A⊗ Z/2, 1) ≃ Q⊕ Λ
4(A)⊗ Z/2
for some cubical functor Q : fAb → Ab. The description (4.2) of Γr+4Σ
4K(A ⊗ Z/2, 1)
implies that it is a cubical functor for all r. It follows that the image of the Hurewicz map
πS4K(A⊗ Z/2, 1)→ H4(A⊗ Z/2)
also has the form Q¯ ⊕ Λ4(A) ⊗ Z/2 for some cubical functor Q¯. The diagram (4.10)
implies that the Hurewicz map is an epimorphism, hence we obtain that there is a natural
isomorphism
H4(A⊗ Z/2) ≃ Q¯⊕ Λ
4(A)⊗ Z/2.
Since we know that there exists a natural exact sequence (see [5])
0→ Λ4(A)⊗ Z/2→ H4(A⊗ Z/2)→ L1Λ
3(A⊗ Z/2)→ 0, (5.4)
we have an isomorphism Q¯ ≃ L1Λ
3(A⊗Z/2) and the sequence (5.4) splits. To prove this
rigorously, one considers a quartic Z-module associated to Q¯⊕Λ4(A)⊗Z/2 and compares
it with any possible extension of type (5.4). It remains to observe that
H4(A⊗ Z/2| Z) ≃ H3(A⊗ Z/2)
so that splitting of (5.4) implies the splitting of
0→ Λ3(A)⊗ Z/2→ H3(A⊗ Z/2)→ Γ2(A)⊗ Z/2→ 0.
ON THE SPLITTING OF POLYNOMIAL FUNCTORS 19
However, by (3.4), this is not possible. 
6. The Splitting of the derived functors
6.1. Derived functors. Let A be an abelian group, and F an endofunctor on the cate-
gory of abelian groups. Recall that for every n ≥ 0 the derived functor of F in the sense
of Dold-Puppe [12] are defined by
LiF (A, n) = πi(FKP∗[n]), i ≥ 0
where P∗ → A is a projective resolution of A, and K is the Dold-Kan transform, the
inverse to the Moore normalization functor
N : Simpl(Ab)→ Chain(Ab)
from simplicial abelian groups to chain complexes. We denote by LF (A, n) the object in
the homotopy category of simplicial abelian groups determined by the simplicial abelian
group FK(P∗[n]), so that
LiF (A, n) = πi(LF (A, n)) .
We set LF (A) := LF (A, 0) and LiF (A) := LiF (A, 0) for any i ≥ 0.
6.2. The splitting of the derived functors of Γ2. The natural exact sequence
0→ S2(A)→ Γ2(A)→ A⊗ Z/2→ 0
implies that, for an object C ∈ DAb≤0, one has a distinguished triangle
LS2(C)→ LΓ2(C)→ C
L
⊗ Z/2→ LSP 2(C)[1] (6.1)
Theorem 6.1. For any C ∈ DAb≤0, there are natural isomorphisms
πi(LΓ2(C[1])) ≃ πi(LS
2(C[1]))⊕ πi
(
C
L
⊗ Z/2[1]
)
(6.2)
for all i ≥ 0.
The following lemma follows from (Satz 12.1 [12]).
Lemma 6.1. Let C ∈ DAb≤0 be such that H0(C) = 0, then one has π1(S
2(C)) = 0. If
Hi(C) = 0 for i ≤ m (m ≥ 1), then
πi(LS
2(C)) = 0, i ≤ m+ 2
Lemma 6.2. For every C ∈ DAb≤0, the suspension homomorphism
π1(LS
2(C))→ π2(LS
2(C[1]))
is the zero map.
ON THE SPLITTING OF POLYNOMIAL FUNCTORS 20
Proof. We have the following natural diagram
π1(LS
2(C))
≃ //
susp

L1S
2(H0(C))

π2(LS
2(C[1]))
≃ // Λ2(H0(C))
(6.3)
The right-hand vertical map is zero by (Corollary 6.6, [12]). Another way to see why this
map is trivial is to write the cross-effect spectral sequence for π∗(LS
2(C[1]) from [12].
The first page of this spectral sequence implies that there is an exact sequence
0→ L1Λ
2(H0(C))→ Tor(H0(C), H0(C))→ L1S
2(H0(C))→
Λ2(H0(C))→ H0(C)⊗H0(C)→ S
2(H0(C))→ 0
where the middle map is the map from (6.3). It is zero map since the natural transfor-
mation Λ2(H0(C))→ H0(C)⊗H0(C) is injective. 
Proof of theorem 6.1 The proof is by induction on i. Lemma 6.1 implies that there is a
natural isomorphism
π1(LΓ2(C[1])) ≃ π1
(
C
L
⊗ Z/2[1]
)
which is induced by the map LΓ2(C[1])→ C
L
⊗ Z/2[1] from (6.1).
Let us consider separately the case i = 2. The assertion follows from the suspension
diagram
π3
(
C
L
⊗ Z/2[1]
)
// π2(LS
2(C[1])) // π2(LΓ2(C[1])) // // π2
(
C
L
⊗ Z/2[1]
)
π2
(
C
L
⊗ Z/2
)
// π1(LS
2(C))
0
OO
// π1(LΓ2(C))
OO
// // π1
(
C
L
⊗ Z/p
)
ff▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
where the left hand vertical homomorphism is zero by lemma 6.2.
Now assume by induction, that, for some j ≥ 2 and for all i ≥ j, there are natural
isomorphisms (6.2), induced by (6.1). Representing the object C as
· · · → Ci
∂i→ Ci+1 → . . . ,
consider the subcomplex Z defined by
Zi = Ci, i ≥ j − 1,
Zj−2 = im(∂i−1),
Zi = 0, i < j − 2
ON THE SPLITTING OF POLYNOMIAL FUNCTORS 21
The complex Z has the following properties:
1) the natural map Z → C induces isomorphisms
πi
(
Z
L
⊗ Z/2
)
≃ πi
(
C
L
⊗ Z/2
)
, i ≥ j;
2) Hi(Z) = 0, i ≤ j − 2.
Consider the natural diagram
pij+2
(
C
L
⊗ Z/2[1]
)
// pij+1(LS
2(C[1])) // pij+1(LΓ2(C[1])) // // pij+1
(
C
L
⊗ Z/2[1]
)
pij+2
(
Z
L
⊗ Z/2[1]
)
// pij+1(LS
2(Z[1])) //
OO
pij+1(LΓ2(Z[1])) // //
OO
pij+1
(
Z
L
⊗ Z/2[1]
)
(6.4)
Lemma 6.1 implies that πj+1(LS
2(Z[1])) = 0. The required splitting now follows from
diagram (6.4). The inductive step is complete so that the splitting (6.2) proved for all i.

Proposition 6.1. The sequence
LS2(C[1])→ LΓ2(C[1])→ C
L
⊗ Z/2[1] (6.5)
does not split in the category DAb≤0.
Proof. We will prove the statement for the simplest case, when C is a free abelian group.
Suppose that LΓ2(C[1]) ≃ LS
2(C[1])⊕ C
L
⊗ Z/2[1]. Then
π2
(
LΓ2(C[1])
L
⊗ Z/2
)
≃ π2
(
LS2(C[1])
L
⊗ Z/2⊕ C
L
⊗ Z/2
L
⊗ Z/2[1]
)
≃
Λ2(C)⊗ Z/2⊕ C ⊗ Z/2
However, LΓ2(C[1]) can be represented by complex
(C ⊗ C ⊗ Z/2→ Γ2(C)⊗ Z/2)[1]
with the obvious map, and
π2
(
LΓ2(C[1])
L
⊗ Z/2
)
= ker{C ⊗ C ⊗ Z/2→ Γ2(C)⊗ Z/2}.
However, there are no non-trivial natural transformation C ⊗ Z/2→ C ⊗C ⊗ Z/2. This
contradicts to the splitting of (6.5). 
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